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EXERCISES 3 

1. Determine in each case whether the given sequences has a limit or not. If it does, 

prove that your stated value is a limit, and if it does not explain why? 

 

 (a) ݔ௡ = (ିଵ)೙

௡
     (b) ݔ௡ = (−1)௡ ቀ1 − ଵ

௡
ቁ 

 (c) ݔ௡ = ଵା(ିଵ)೙

௡
    (d) ݔ௡ = (−1)௡݊ 

 (e) ݔ௡ = sin ቀ௡గ
ଶ

ቁ + cos ௡ݔ (f)   ߨ݊ = ଷ௡ାଵ
ହ௡ିଶ

 

(g) ݔ௡ = ௡
௡మାଵ

     (h) ݔ௡ = ௡మ

௡మାଵ
 

(i) ݔ௡ = ௡య

௡మାଵ
     (j) ݔ௡ = ௡మି௡

௡యାଵ
 

(k) ݔ௡ = ଵ
௡

sin ݊    (l) ݔ௡ = cos ቀ௡గ
ସ

ቁ 

(m) ݔ௡ = sin ௡ݔ (n)    ߨ݊ = √݊ଶ + ݊ − ݊ 

2. Prove that convergence of {ݔ௡} implies convergence of {|ݔ௡|}. Is the converse true? 

3. Prove that if lim௡→ஶ ௡ݔ = +∞ and lim௡→ஶ ௡ݕ > −∞ , then lim௡→ஶ(ݔ௡ + (௡ݕ = +∞. 

4. (a) Prove that if lim௡→ஶ ௡ݔ = +∞ and ܿ > 0, then lim௡→ஶ(ܿݔ௡) = +∞. 

(b) Prove that if lim௡→ஶ ௡ݔ = +∞ and ܿ < 0, then lim௡→ஶ(ܿݔ௡) = −∞. 

5. Suppose that there exists a natural number ଴ܰ such that ݔ௡ ≤ ݊ ௡ for allݕ ≥ ଴ܰ 

(a) Prove that if lim௡→ஶ ௡ݔ = +∞, then lim௡→ஶ ௡ݕ = +∞. 

(b) Prove that if lim௡→ஶ ௡ݕ = −∞, then lim௡→ஶ ௡ݔ = −∞. 
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6. Show that 

lim
௡→ஶ

ܽ௡ = ൞

0                         ݂݅ |ܽ| < 1
1                            ݂݅ ܽ = 1
+∞                       ݂݅ ܽ > 1

ܽ ݂݅     ݐݏ݅ݔ݁ ݐ݋݊ ݏ݁݋݀ ≤ −1

 

7. Let ݔଵ = 1 and for ݊ ≥ 1 let ݔ௡ାଵ = ඥݔ௡ + 1. Show that lim௡→ஶ ௡ݔ = ଵା√ହ
ଶ

. 

8. Prove the following limits: 

(a) lim௡→ஶ
௡రା଼௡
௡మାଽ

= +∞   (b) lim௡→ஶ ቀଶ೙

௡మ + (−1)௡ቁ = +∞ 

(c) lim௡→ஶ
௔೙

௡!
= 0    (d) lim௡→ஶ ቀଷ೙

௡య − ଷ೙

௡!
ቁ = +∞ 

9. Determine in each case whether the given sequences is monotonic or not. 

 (a) ݔ௡ = ଷ
ଶ௡ିଵ

     (b) ݔ௡ = (ିଵ)೙

௡య  

(c) ݔ௡ = 5݊ଶ     (d) ݔ௡ = ௡ାଵ
ଶ೙  

(e) ݔ௡ = cos ௡గ
଺

    (f) ݔ௡ = (−3)௡ 

10. Let {ݔ௡} be a sequence and let lim௡→ஶ ௡ݔ = Prove that lim௡→ஶ .ݔ
௫భା௫మା⋯ା௫೙

௡
=  .ݔ

11. Let {ݔ௡} be a sequence of positive numbers and let lim௡→ஶ ௡ݔ = ݔ ≠ 0. Prove that 

lim௡→ஶ ඥݔଵ. ଶݔ … ௡ݔ
೙ =  .(Hint: Use logarithmic function in Exercise 10) ݔ

12. Let ݔଵ = 1 and ݔ௡ାଵ = ଵ
ହ

௡ݔ) + 3). 

 (a) Show that ݔ௡ > ଷ
ସ
 for all ݊ ∈ ℕ. 

 (b) Show that {ݔ௡} is a monotonically decreasing sequence. 

 (c) Prove that lim௡→ஶ ௡ exists and its value is ଷݔ
ସ
. 
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13. For each sequence below, i) find its set of subsequential limits, ii) find its ݈݅݉ݔ௡ 

and ݈ଓ݉തതതതത  .௡ݔ

(a) ݔ௡ = (ିଵ)೙

௡మାଷ
     (b) ݔ௡ = ௡ାଵ

ଷ௡ିଵ
 

(c) ݔ௡ = ଶ
ହ௡ାଷ

     (d) ݔ௡ = ቀ− ଵ
଻
ቁ

௡
 

(e) ݔ௡ = sin ௡గ
଺

    (f) ݔ௡ = (−5)௡ 

(g) ݔ௡ = n ∙ sin ௡గ
ଷ

    (h) ݔ௡ = (−1)௡ − ଵ
௡
 

14. Prove that ݈݅݉ݔ௡ ≤ ݈ଓ݉തതതതത  .௡ݔ

15. Prove that ݈ଓ݉തതതതത(−ݔ௡) =  .௡ݔ݈݉݅−

16. Let {ݔ௡} and {ݕ௡} be sequences such that ݔ௡ ≤ ݊ ௡ for allݕ ≥ ܰ, where ܰ is a fixed 

natural number. Show that ݈݅݉ݔ௡ ≤ ௡ and ݈ଓ݉തതതതതݕ݈݉݅ ௡ݔ ≤ ݈ଓ݉തതതതത  .௡ݕ

17. Let {ݔ௡} and {ݕ௡} be bounded sequences. Show that ݈ଓ݉തതതതത(ݔ௡ + (௡ݕ ≤ ݈ଓ݉തതതതത ௡ݔ +

݈ଓ݉തതതതത ௡ݔ)݈݉݅ ௡ andݕ + (௡ݕ ≥ ௡ݔ݈݉݅ +  .௡ݕ݈݉݅

18. Let {ݔ௡} be a bounded sequences and let ܿ be a nonnegative real number. Prove 

that ݈݅݉(ܿݔ௡) = (௡ݔܿ)௡ and ݈ଓ݉തതതതതݔ݈݉݅ܿ = ܿ ݈ଓ݉തതതതത  .௡ݔ

19. Let {ݔ௡} and {ݕ௡} be bounded sequences of nonnegative numbers. Prove that 

݈ଓ݉തതതതത(ݔ௡ݕ௡) ≤ ݈ଓ݉തതതതത ௡ݔ . ݈ଓ݉തതതതത  .௡ݕ

20. (a) Prove that if lim௡→ஶ ௡ݔ = +∞ and ݈݅݉ݕ௡ > 0, then ݈݅݉(ݔ௡ݕ௡) = +∞. 

(b) Prove that if ݈ଓ݉തതതതത ௡ݔ = +∞ and ݈݅݉ݕ௡ > 0, then ݈ଓ݉തതതതത(ݔ௡ݕ௡) = +∞. 

 


