
 

Solutions: 

1.a) Since 훼(푡) = (푒 cos 푡 , 푒 sin 푡, 푒 ) then we have, 
훼′(푡) = 푒 (cos 푡 , sin 푡, 1) + 푒 (− sin 푡 , cos 푡 , 0) = 푒 (cos 푡 − sin 푡 , sin 푡 + cos 푡 , 1), 
훼 ( ) = 푒 (cos 푡 − sin 푡 , sin 푡 + cos 푡 , 1) + 푒 (− sin 푡 − cos 푡 , cos 푡 − sin 푡 , 0)  
         = 푒 (− 2sin 푡 , 2 cos 푡 , 1), 
훼 ( ) = 푒 (− 2sin 푡 , 2 cos 푡 , 1) + 푒 (−2 cos 푡 , −2 sin 푡 , 0)  
          = 푒 (− 2sin 푡 − 2 cos 푡 , 2 cos 푡 − 2 sin 푡 , 1), 
‖훼′(푡)‖ = 푒 (cos 푡 − sin 푡) + (sin 푡 + cos 푡) + 1 = 푒 √3, 

훼 (푡) × 훼 (푡) = 푒
푈 푈 푈

cos 푡 − sin 푡 sin 푡 + cos 푡 1
− 2sin 푡 2 cos 푡 1

  

                           = 푒 (sin 푡 − cos 푡 , −sin 푡 − cos 푡 , 2), 
‖훼 (푡) × 훼 (푡)‖ = 푒 √6, 

훼 (푡) × 훼 (푡) ∙ 훼 (푡) = 푒
cos 푡 − sin 푡 sin 푡 + cos 푡 1

− 2sin 푡 2 cos 푡 1
− 2sin 푡 − 2 cos 푡 2 cos 푡 − 2 sin 푡 1

  

                                    = 푒 [(cos 푡 − sin 푡)(2 sin 푡) − (sin 푡 + cos 푡)(2 cos 푡) + 4] = 2푒 , 

푇 = ( )
‖ ( )‖

= ( , , )
√

=
√

(cos 푡 − sin 푡 , sin 푡 + cos 푡 , 1), 

퐵 = ( )× ( )
‖ ( )× ( )‖

= ( , , )
√

  

    =
√

(sin 푡 − cos 푡 , −sin 푡 − cos 푡 , 2), 

푁 = 퐵 × 푇 =
√

푈 푈 푈
sin 푡 − cos 푡 −sin 푡 − cos 푡 2
cos 푡 − sin 푡 sin 푡 + cos 푡 1

  

    =
√

(−3sin 푡 − 3 cos 푡 , −3sin 푡 + 3 cos 푡 , 0) =
√

(−sin 푡 − cos 푡 , −sin 푡 + cos 푡 , 0), 

휅 = ( )× ( )
‖ ( )‖

= √
√

= √ , 

휏 = ( )× ( )∙ ( )
‖ ( )× ( )‖

= = . 

 

b) 푠(푡) = ∫ ‖훼′(푡)‖푑푡 = ∫ 푒 √3푑푡 = √3(푒 − 1). 
 

c) Since = √ =
√

≠ 0 then the curve is a cylindrical helix. 

 
2. Since  

퐸 = cos 푓 푈 + cos 푓 sin 푓 푈 + sin 푓 푈   
퐸 = cos 푓 sin 푓 푈 + sin 푓 푈 − cos 푓푈   

퐸 = − sin 푓 푈 + cos 푓 푈 , 



then its attitude matrix is 

 퐴 =
cos 푓 cos 푓 sin 푓 sin 푓

cos 푓 sin 푓 sin 푓 − cos 푓
− sin 푓 cos 푓 0

=
cos 푓 sin 2푓 sin 푓

sin 2푓 sin 푓 − cos 푓
− sin 푓 cos 푓 0

. 

Then 

푑퐴 =
− sin 2푓 푑푓 cos2 푓 푑푓 cos 푓 푑푓
cos2 푓 푑푓 sin 2푓 푑푓 sin 푓 푑푓
− cos 푓 푑푓 − sin 푓 푑푓 0

. 

Since  

퐴 =

⎝

⎜
⎛

cos 푓
1
2 sin 2푓 −sin 푓

1
2 sin 2푓 sin 푓 cos 푓

sin 푓 −cos 푓 0 ⎠

⎟
⎞

, 

then we have 

휔 = 푑퐴 퐴 =
− sin 2푓 푑푓 cos2 푓 푑푓 cos 푓 푑푓
cos2 푓 푑푓 sin 2푓 푑푓 sin 푓 푑푓
− cos 푓 푑푓 − sin 푓 푑푓 0

⎝

⎜
⎛

cos 푓
1
2 sin 2푓 −sin 푓

1
2 sin 2푓 sin 푓 cos 푓

sin 푓 −cos 푓 0 ⎠

⎟
⎞

 

 

          =
0 −푑푓 cos 푓 푑푓

푑푓 0 sin 푓 푑푓
− cos 푓 푑푓 − sin 푓 푑푓 0

  

 
b) ∇ (푓퐸 + 퐸 ) = 푓∇ (푓퐸 + 퐸 ) 
                                        = 푓 퐸 [푓]퐸 + 푓∇ 퐸 + ∇ 퐸 . 
Since 퐸 [푓] = cos 푓 sin 푓 푈 [푓] + sin 푓 푈 [푓] − cos 푓푈 [푓] 

                     = sin 2푓 + sin 푓 − cos 푓 , 

∇ 퐸 = ∑ 휔 (퐸 )퐸 = 휔 (퐸 )퐸 + 휔 (퐸 )퐸 = −푑푓(퐸 )퐸 + cos 푓 푑푓(퐸 )퐸   
           = −퐸 [푓]퐸 + cos 푓 퐸 [푓]퐸 = 퐸 [푓](−퐸 + cos 푓 퐸 ), 
∇ 퐸 = ∑ 휔 (퐸 )퐸 = 휔 (퐸 )퐸 + 휔 (퐸 )퐸 = − cos 푓 푑푓(퐸 )퐸 − sin 푓 푑푓(퐸 )퐸   
= − cos 푓 퐸 [푓]퐸 − sin 푓 퐸 [푓]퐸 = 퐸 [푓](− cos 푓 퐸 − sin 푓 퐸 ), 
then we have 
∇ (푓퐸 + 퐸 ) = 푓 퐸 [푓]퐸 + 푓∇ 퐸 + ∇ 퐸   
                           = 푓 퐸 [푓]퐸 + 푓퐸 [푓](−퐸 + cos 푓 퐸 ) + 퐸 [푓](− cos 푓 퐸 − sin 푓 퐸 )   
                           = 푓퐸 [푓] (1 − cos 푓)퐸 − (푓 + sin 푓)퐸 + 푓 cos 푓 퐸   
 
c) Since 휃 = ∑ 푎 푑푥  or 휃 = 퐴푑휉, then we have 



휃
휃
휃

=

⎝

⎜
⎛

cos 푓
1
2 sin 2푓 sin 푓

1
2 sin 2푓 sin 푓 − cos 푓

− sin 푓 cos 푓 0 ⎠

⎟
⎞ 푑푥

푑푥
푑푥

 표푟 

휃
휃
휃

=

⎝

⎜
⎛

cos 푓 푑푥 +
1
2 sin 2푓 푑푦 + sin 푓 푑푧

1
2 sin 2푓 푑푥 + sin 푓 푑푦 − cos 푓푑푧

− sin 푓 푑푥 + cos 푓 푑푦 ⎠

⎟
⎞

. 

 
 
3. Since 

‖퐹(풑) − 퐹(풒)‖ = ‖(푝 − 2, 푝 + 5, 푝 − 1) − (푞 − 2, 푞 + 5, 푞 − 1)‖  

                           = ‖(푝 − 푞 , 푝 − 푞 , 푝 − 푞 )‖ = ‖풑 − 풒‖ 

then 퐹 is an isometry. Since 

ퟎ = 푇 퐹(ퟎ) = −풂 + 퐹(ퟎ) = −풂 + (−2,5, −1) 

then 푇 is a translation by (−2,5, −1). Since 

퐶(풑) = (푇 퐹)(풑) = 푇 퐹(풑) = 퐹(풑) + (2, −5,1)  

          = (푝 − 2, 푝 + 5, 푝 − 1) + (2, −5,1) = (푝 , 푝 , 푝 )  

then we have 
푐 푐 푐
푐 푐 푐
푐 푐 푐

푝
푝
푝

=
푝
푝
푝

   ⇒    퐶 =
0 1 0
0 0 1
1 0 0

. 


