
 

Solutions: 

1.a) Since (ݐ)ߙ = (݁௧ cos ݐ , ݁௧ sin ,ݐ ݁௧) then we have, 
(ݐ)′ߙ = ݁௧(cos ݐ , sin ,ݐ 1) + ݁௧(− sin ݐ , cos ݐ , 0) = ݁௧(cos ݐ − sin ݐ , sin ݐ + cos ݐ , 1), 
ᇱᇱ(௧)ߙ = ݁௧(cos ݐ − sin ݐ , sin ݐ + cos ݐ , 1) + ݁௧(− sin ݐ − cos ݐ , cos ݐ − sin ݐ , 0)  
         = ݁௧(− 2sin ݐ , 2 cos ݐ , 1), 
ᇱᇱᇱ(௧)ߙ = ݁௧(− 2sin ݐ , 2 cos ݐ , 1) + ݁௧(−2 cos ݐ , −2 sin ݐ , 0)  
          = ݁௧(− 2sin ݐ − 2 cos ݐ , 2 cos ݐ − 2 sin ݐ , 1), 
‖(ݐ)′ߙ‖ = ݁௧ඥ(cos ݐ − sin ଶ(ݐ + (sin ݐ + cos ଶ(ݐ + 1 = ݁௧√3, 

(ݐ)ᇱߙ × (ݐ)ᇱᇱߙ = ݁ଶ௧ อ
ଵܷ ଶܷ ଷܷ

cos ݐ − sin ݐ sin ݐ + cos ݐ 1
− 2sin ݐ 2 cos ݐ 1

อ  

                           = ݁ଶ௧(sin ݐ − cos ݐ , −sin ݐ − cos ݐ , 2), 
(ݐ)ᇱߙ‖ × ‖(ݐ)ᇱᇱߙ = ݁ଶ௧√6, 

(ݐ)ᇱߙ × (ݐ)ᇱᇱߙ ∙ (ݐ)ᇱᇱᇱߙ = ݁ଷ௧ อ
cos ݐ − sin ݐ sin ݐ + cos ݐ 1

− 2sin ݐ 2 cos ݐ 1
− 2sin ݐ − 2 cos ݐ 2 cos ݐ − 2 sin ݐ 1

อ  

                                    = ݁ଷ௧[(cos ݐ − sin 2)(ݐ sin (ݐ − (sin ݐ + cos 2)(ݐ cos (ݐ + 4] = 2݁ଷ௧, 

ܶ = ఈᇱ(௧)
‖ఈᇱ(௧)‖

= ௘೟(ୡ୭ୱ ௧ିୱ୧୬ ௧,ୱ୧୬ ௧ାୡ୭ୱ ௧,ଵ)
௘೟√ଷ

= ଵ
√ଷ

(cos ݐ − sin ݐ , sin ݐ + cos ݐ , 1), 

ܤ = ఈᇲ(௧)×ఈᇲᇲ(௧)
‖ఈᇲ(௧)×ఈᇲᇲ(௧)‖

= ௘మ೟(ୱ୧୬ ௧ିୡ୭ୱ ௧,ିୱ୧୬ ௧ିୡ୭ୱ ௧,ଶ)
௘మ೟√଺

  

    = ଵ
√଺

(sin ݐ − cos ݐ , −sin ݐ − cos ݐ , 2), 

ܰ = ܤ × ܶ = ଵ
ଷ√ଶ

อ
ଵܷ ଶܷ ଷܷ

sin ݐ − cos ݐ −sin ݐ − cos ݐ 2
cos ݐ − sin ݐ sin ݐ + cos ݐ 1

อ  

    = ଵ
ଷ√ଶ

(−3sin ݐ − 3 cos ݐ , −3sin ݐ + 3 cos ݐ , 0) = ଵ
√ଶ

(−sin ݐ − cos ݐ , −sin ݐ + cos ݐ , 0), 

ߢ = ฮఈᇲ(௧)×ఈᇲᇲ(௧)ฮ
‖ఈᇱ(௧)‖య = ௘మ೟√଺

௘య೟ଷ√ଷ
= ௘ష೟√ଶ

ଷ
, 

߬ = ఈᇲ(௧)×ఈᇲᇲ(௧)∙ఈᇲᇲᇲ(௧)
‖ఈᇲ(௧)×ఈᇲᇲ(௧)‖మ = ଶ௘య೟

଺௘ర೟ = ௘ష೟

ଷ
. 

 

b) (ݐ)ݏ = ∫ ௧ݐ݀‖(ݐ)′ߙ‖
଴ = ∫ ݁௧√3݀ݐ௧

଴ = √3(݁௧ − 1). 
 

c) Since ఛ
఑

=
೐ష೟

య
೐ష೟√మ

య

= ଵ
√ଶ

≠ 0 then the curve is a cylindrical helix. 

 
2. Since  

ଵܧ = cosଶ ݂ ଵܷ + cos ݂ sin ݂ ଶܷ + sin ݂ ଷܷ  
ଶܧ = cos ݂ sin ݂ ଵܷ + sinଶ ݂ ଶܷ − cos ݂ ଷܷ  

ଷܧ = − sin ݂ ଵܷ + cos ݂ ଶܷ, 



then its attitude matrix is 

ܣ  = ቌ
cosଶ ݂ cos ݂ sin ݂ sin ݂

cos ݂ sin ݂ sinଶ ݂ − cos ݂
− sin ݂ cos ݂ 0

ቍ = ൮
cosଶ ݂ ଵ

ଶ
sin 2݂ sin ݂

ଵ
ଶ

sin 2݂ sinଶ ݂ − cos ݂
− sin ݂ cos ݂ 0

൲. 

Then 

ܣ݀ = ቌ
− sin 2݂ ݂݀ cos2 ݂ ݂݀ cos ݂ ݂݀
cos2 ݂ ݂݀ sin 2݂ ݂݀ sin ݂ ݂݀
− cos ݂ ݂݀ − sin ݂ ݂݀ 0

ቍ. 

Since  

௧ܣ =

⎝

⎜
⎛

cosଶ ݂
1
2 sin 2݂ −sin ݂

1
2 sin 2݂ sinଶ ݂ cos ݂

sin ݂ −cos ݂ 0 ⎠

⎟
⎞

, 

then we have 

߱ = ܣ݀ ௧ܣ = ቌ
− sin 2݂ ݂݀ cos2 ݂ ݂݀ cos ݂ ݂݀
cos2 ݂ ݂݀ sin 2݂ ݂݀ sin ݂ ݂݀
− cos ݂ ݂݀ − sin ݂ ݂݀ 0

ቍ

⎝

⎜
⎛

cosଶ ݂
1
2 sin 2݂ −sin ݂

1
2 sin 2݂ sinଶ ݂ cos ݂

sin ݂ −cos ݂ 0 ⎠

⎟
⎞

 

 

          = ቌ
0 −݂݀ cos ݂ ݂݀

݂݀ 0 sin ݂ ݂݀
− cos ݂ ݂݀ − sin ݂ ݂݀ 0

ቍ  

 
b) ∇௙ாమ

ଵܧ݂) + (ଷܧ = ݂∇ாమ
ଵܧ݂) +  (ଷܧ

                                        = ݂൫ܧଶ[݂]ܧଵ + ݂∇ாమ ଵܧ + ∇ாమ  .ଷ൯ܧ
Since ܧଶ[݂] = cos ݂ sin ݂ ଵܷ[݂] + sinଶ ݂ ଶܷ[݂] − cos ݂ ଷܷ [݂] 

                     = ଵ
ଶ

sin 2݂ డ௙
డ௫

+ sinଶ ݂ డ௙
డ௬

− cos ݂ డ௙
డ௭

, 

∇ாమܧଵ = ∑ ߱ଵ௝(ܧଶ)ܧ௝௝ = ߱ଵଶ(ܧଶ)ܧଶ + ߱ଵଷ(ܧଶ)ܧଷ = ଶܧ(ଶܧ)݂݀− + cos ݂   ଷܧ(ଶܧ)݂݀
           = ଶܧ[݂]ଶܧ− + cos ݂ ଷܧ[݂]ଶܧ = ଶܧ−)[݂]ଶܧ + cos ݂  ,(ଷܧ
∇ாమܧଷ = ∑ ߱ଷ௝(ܧଶ)ܧ௝௝ = ߱ଷଵ(ܧଶ)ܧଵ + ߱ଷଶ(ܧଶ)ܧଶ = − cos ݂ ଵܧ(ଶܧ)݂݀ − sin ݂   ଶܧ(ଶܧ)݂݀
= − cos ݂ ଵܧ[݂]ଶܧ − sin ݂ ଶܧ[݂]ଶܧ = −)[݂]ଶܧ cos ݂ ଵܧ − sin ݂  ,(ଶܧ
then we have 
∇௙ாమ

ଵܧ݂) + (ଷܧ = ݂൫ܧଶ[݂]ܧଵ + ݂∇ாమܧଵ + ∇ாమ   ଷ൯ܧ
                           = ݂൫ܧଶ[݂]ܧଵ + ଶܧ−)[݂]ଶܧ݂ + cos ݂ (ଷܧ + −)[݂]ଶܧ cos ݂ ଵܧ − sin ݂   ଶ)൯ܧ
                           = ଶ[݂]൫(1ܧ݂ − cos ଵܧ(݂ − (݂ + sin ଶܧ(݂ + ݂ cos ݂   ଷ൯ܧ
 
c) Since ߠ௜ = ∑ ܽ௜௝݀ݔ௝ or ߠ =  then we have ,ߦ݀ܣ



൭
ଵߠ
ଶߠ
ଷߠ

൱ =

⎝

⎜
⎛

cosଶ ݂
1
2 sin 2݂ sin ݂

1
2 sin 2݂ sinଶ ݂ − cos ݂

− sin ݂ cos ݂ 0 ⎠

⎟
⎞

൭
ଵݔ݀
ଶݔ݀
ଷݔ݀

൱  ݎ݋ 

൭
ଵߠ
ଶߠ
ଷߠ

൱ =

⎝

⎜
⎛

cosଶ ݂ ݔ݀ +
1
2 sin 2݂ ݕ݀ + sin ݂ ݖ݀

1
2 sin 2݂ ݔ݀ + sinଶ ݂ ݕ݀ − cos ݖ݂݀

− sin ݂ ݔ݀ + cos ݂ ݕ݀ ⎠

⎟
⎞

. 

 
 
3. Since 

(࢖)ܨ‖ − ‖(ࢗ)ܨ = ଶ݌)‖ − 2, ଷ݌ + 5, ଵ݌ − 1) − ଶݍ) − 2, ଷݍ + 5, ଵݍ − 1)‖  

                           = ଶ݌)‖ − ,ଶݍ ଷ݌ − ,ଷݍ ଵ݌ − ‖(ଵݍ = ࢖‖ −  ‖ࢗ

then ܨ is an isometry. Since 

૙ = ܶିଵ൫ܨ(૙)൯ = ࢇ− + (૙)ܨ = ࢇ− + (−2,5, −1) 

then ܶ is a translation by (−2,5, −1). Since 

(࢖)ܥ = (ܶିଵܨ)(࢖) = ܶିଵ൫(࢖)ܨ൯ = (࢖)ܨ + (2, −5,1)  

          = ଶ݌) − 2, ଷ݌ + 5, ଵ݌ − 1) + (2, −5,1) = ,ଶ݌) ,ଷ݌   (ଵ݌

then we have 

൭
ܿଵଵ ܿଵଶ ܿଵଷ
ܿଶଵ ܿଶଶ ܿଶଷ
ܿଷଵ ܿଷଶ ܿଷଷ

൱ ൭
ଵ݌
ଶ݌
ଷ݌

൱ = ൭
ଶ݌
ଷ݌
ଵ݌

൱    ⇒ ܥ    = ൭
0 1 0
0 0 1
1 0 0

൱. 


