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EXERCISES 4 

1. Find the domains of the following functions. 

 (a) ݂(ݔ) = ݔ√ + 1    (b) ݂(ݔ) = ݔ2√ + 3య  

 (c) ݂(ݔ) = ଵ
ସି௫మ

    (d) ݂(ݔ) = ଵ
ඥ|௫|ି௫

 

 (e) ݂(ݔ) = ଵ
ଷି௟௡(௫ାଵ)

    (f) ݂(ݔ) = log ቀ௫
మିଵ

௫మାଵ
ቁ 

 (g) ݂(ݔ) = ට݈݊ ቀହ௫ି௫
మ

ସ
ቁ   (h) ݂(ݔ) = logଶ(logଷ(logସ  ((ݔ

 (i) ݂(ݔ) = log௫ିଶ(−ݔଶ + ݔ8 + 9)  (j) ݂(ݔ) = logቀ1− ଵ
୪୭୥(௫మିହ௫ାଵ଺)

ቁ 

2. Find the domains of ݂ ∘ ݃ and ݃ ∘ ݂ for the following functions. 

 (a) ݂(ݔ) = ଵା௫
ଵି௫

(ݔ)݃         , = 1 +  ଶݔ

(b) ݂(ݔ) = ଷݔ − (ݔ)݃   ,1 =  ݔ√

(c) ݂(ݔ) = (ݔ)݃          ,ݔ√ = ݈݊ ቀଷ௫ି௫
మ

ଶ
ቁ 

3. Find the domains of ݂ ± ݃, ݂݃, ݂ ݃⁄  and ݃ ݂⁄  for the following functions. 

 (a) ݂(ݔ) = ଶݔ√ − ݔ3 + (ݔ)݃            ,2 = ଵ
√ଷାଶ௫ି௫మ

 

(b) ݂(ݔ) = ଶ௫ାଵ
|௫ିଶ|ିଵ

(ݔ)݃                        , = ଶݔ3√ + ݔ + 4 

(c) ݂(ݔ) = √11 + ݔ10 − (ݔ)݃        ,ଶݔ = ଵ
୪୭୥(௫)ିଵ

 

(d) ݂(ݔ) = log(ݔଶ − ݔ9 + (ݔ)݃   ,(18 = ଵ
√௫మିଽ

 

(e) ݂(ݔ) = ଷ
√ସି௫మ

(ݔ)݃                         , = ଷݔ)݈݊ −  (ݔ

(f) ݂(ݔ) = ଵ
௫మାଵ

(ݔ)݃                           , = ඥݔ − ݔ√ + 1 
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4. Verify the following limits by ߝ −  .property ߜ

 (a) lim௫→ଵ(3ݔ − 8) = 5  (b) lim௫→ାஶ
ହ௫ାଵ
ଷ௫ାଽ

= ହ
ଷ
 

 (c) lim௫→ଵ
ଵ

(ଵି௫)మ
= +∞ 

5. Find the the following limits. 

 (a) lim௫→଴
√ଵା௫೙ ିଵ

௫
   (b) lim௫→ଵ(1− (ݔ tan గ௫

ଶ
 

 (c) lim௫→଴
ଵିୡ୭ୱ௫

௫൫√ଵା௫ିଵ൯
   (d) lim௫→ଵ

ୡ୭ୱቀഏೣమ ቁ

ଵି௫
 

 (e) lim௫→ାஶ ቀ
௫య

ଷ௫మିସ
− ௫మ

ଷ௫ାଶ
ቁ  (f) lim௫→ଵ

௫೙ିଵ
௫೘ିଵ

 (݊,݉ ∈ ℕ) 

6. Find the the following limits at the indicated points. 

 (a) ݂(ݔ) = ⟦1 − ⟦ݔ + |1 − ଴ݔ   ,|ݔ = 0. 

 (b) ݂(ݔ) = ଺ାସభ (ೣషభ)⁄

ଵଵାସభ (ೣషభ)⁄ ଴ݔ   , = 1. 

 (c) ݂(ݔ) = ⟦௫⟧మିଽ
௫మିଽ

଴ݔ   , = 3. 

 (d) ݂(ݔ) = |௫ିଷ|ାଶ௦௚௡(௫ିଵ)
⟦ଶି௫⟧

,   left-hand limit at ݔ଴ = 1. 

7. Show that ݂(ݔ) = ቊ
௫

ଵା௘భ ೣ⁄ , ݔ ≠ 0
0, ݔ = 0,

 is continuous at ݔ଴ = 0 by ߝ −  .property ߜ

8. Decide the continuities of the following functions. 

(a) ݂(ݔ) = ݔ − ܧ on the set   ,⟦ݔ⟧ = [−2, 2). 

(b) ݂(ݔ) = ݔ⟧⟦ݔ⟧ + 1⟧,   at the point ݔ଴ = 0. 

(c) ݂(ݔ) = sin)݊݃ݏ ܧ on the set   ,(ݔ =  .[ߨ0,2]

(d) ݂(ݔ) = |௫|
⟦௫⟧ାଶ

,   on the set ܧ = [−1, 2). 
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(e) ݂(ݔ) = ଵ
௫మାଷ

,   on the set ܧ = ℝ. 

(f) ݂(ݔ) = 2ଵ ௫⁄ ,   at the point ݔ଴ = 0. 

(g) ݂(ݔ) = ቊ
௫ିଵ

ଷାଶభ (భషೣ)⁄ , ݔ ≠ 1
0, ݔ = 1

,   at the point ݔ଴ = 1. 

(h) ݂(ݔ) = ቐ
ଶ௫మାଷ

ହ
, −∞ < ݔ ≤ 1

6 − ,ݔ5 1 < ݔ < 3
ݔ − 3, 3 ≤ ݔ < +∞

,   on the set ܧ = ℝ. 

(i) ݂(ݔ) = ቐ
sin ቀగ௫

ଶ
ቁ , 0 < ݔ < 1

1 + ,ݔ݈݊ 1 < ݔ < 2
2, ݔ = 1

,   at the point ݔ଴ = 1. 

(j) ݂(ݔ) = ൝
ଶݔ − ,ݔ2 ݔ < 2

1, ݔ = 2
ݔ − 2, ݔ > 2

,   at the point ݔ଴ = 2. 

(k) ݂(ݔ) = ൝
,ଶݔ ݔ < 1

2, ݔ = 1
ݔ− + 4, ݔ > 1

,   at the point ݔ଴ = 1. 

(l) ݂(ݔ) = ቐ

ଵ
௫

, ݔ < 0
2, ݔ = 0

ݔ + 1, ݔ > 0
,   at the point ݔ଴ = 0. 

9. Find the value of ܽ if the function ݂(ݔ) = ൜ 6 ∙ 3௫ , ݔ < 0
3ܽ + ,ݔ ݔ ≥ 0 is continuous at ݔ଴ = 0. 

10. Show that the function ݂(ݔ) = ൜1, ݔ ∈ ℚ
0, ݔ ∈ ℝ − ℚ is discontinuous at every ݔ ∈ ℝ. 

11. Show that the function ݂(ݔ) = ൜ݔ, ݔ ∈ ℚ
0, ݔ ∈ ℝ −ℚ is continuous at ݔ଴ = 0, and 

discontinuous at the other real numbers. 

12. Show that if the function −݂ assumes its maximum at ݔ଴ ∈ [ܽ,ܾ], then ݂ assumes 

its minimum at ݔ଴. 
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13. Let ݂ and ݃ be continuous functions on [ܽ, ܾ] such that ݂(ܽ) ≥ ݃(ܽ) and ݂(ܾ) ≤

݃(ܾ). Prove that ݂(ݔ଴) = ଴ݔ for at least one (଴ݔ)݃ ∈ [ܽ, ܾ]. 

14. Prove that ݔ = cos ݔ for some ݔ ∈ ቀ0, గ
ଶ
ቁ. 

15. Prove that ݔ ∙ 2௫ = 1 for some ݔ ∈ (0,1). 

16. Prove that a polynomial function of odd degree has at least one real root. 

17. Prove that each of the following functions is uniformly continuous on the 

indicated set by verifying ߝ −  .property ߜ

(a) ݂(ݔ) = ݔ5 − 2,   on the set ܧ = ℝ. 

(b) ݂(ݔ) = ܧ ଶ,   on the setݔ = [1,2]. 

(c) ݂(ݔ) = ଵ
௫
,   on the set ܧ = [1, +∞). 

(d) ݂(ݔ) = ௫
ଶ௫ାଵ

,   on the set ܧ = [0,1]. 

(e) ݂(ݔ) = ௫ିଵ
ଷ௫ିଶ

,   on the set ܧ = [2, +∞). 

18. (a) Prove that if ݂ is uniformly continuous on a bounded set ܧ, then ݂ is a 

bounded function on ܧ. 

(b) Use (a) to prove that ݂(ݔ) = ଵ
௫మ

  is not uniformly continuous on (0,1). 

 


