ANALYSIS I Homework 1 21.10.2015

1. Prove the following by induction.

n(4n2 -1

(@ VneN; 12432452 4...4(2n-1)° = 3

(b) VneN; 12+3%+5%+...4(2n-1)°> =n?(2n -1)
(c) YneN: 4" -1 isdivisible by 3.

(d) vneN: 12"1+10 isdivisible by 11.

() VneN igcin i+i+i+...+ 1 _.n
1.2 23 34 n(n+1) n+1

2. (a) Let A and B betwo sets. Showthat: AcB < ANB=A
(b) Let A and B be two sets. Show that: Ac B < AuB=B

3. Find the solution sets of the following.

@ |x+4|+|x-3 =7 (b) |x+4|+|x—3 =7

() |[x+4]—|x+3>2 (@ X8xs
|2—x|+1

€e)lx+el—lx—3=2+x (f)lx—2[+]x -3 =5—x

4. x,y,zeRR. Prove the followings:

X+Yy+[x—y]|
2

X+y—|[x—y]|

(b) min{x,y}= 5

(@) max{x,y}=

eyl _ X Iy
1+|x+y| 1+|x 1+]y|

() (d) min{x,y,z} =min{min{x,y},z}

5. Let x be a positive irratioal number. Show that +/x isan irrational number.

+
6. Given x€ Q" and [YyER—-@. Is wllx + /¥ anirratioal number or not?. Why?

2
7. Given x€Q@ and vyER-Q . Is X. W an irratioal number or not?. Why?

3
8. Given x€Q@ and yER—-Q . Is x3 + w an irratioal number or not?. Why?

9. Given x*ER—-Q. Is V"_X an irratioal number or not?. Why?



10. Let the A be bounded above. (4 < R)
(a) For a fixed xy € B, Show that the set x, + 4 = {x, + a: a € A} is bounded above.
(b) If SupA =cc, then showthat Sup(x, + A4) = xg+ec,
(c) For a fixed ¥, € R, Show that the set A — v, = {a — ¥, : a € A} is bounded above.
(d) If SupA=ct, then showthat Sup(A4—y,) =x —y,.

11. (a) For theset A = [3,5] € R, showthat supA =5, and infA=3

(b) For the set 4 = [3,5) € R, show that supA =5, and infA=3

n(4n2 )

(c) Fortheset A={ }VneN; 12+3%2+52 +...4+(2n—1)° = 3

12. (a) Let A be bounded below. Define: —4A ={—-a€R: a& A}
Show that the set —A is bounded above.
(b) Let A be bounded above. Define: —A={-a€R: a& A}
Show that the set —A is bounded below.
(c) Define: —A={—ac€R: ac A}.

Show that sup(—4) = —infA and inf(—A4) = —supA.
(1" -
(d) Theset A= T: ne N ; isgiven. Isthe set A bounded above and below?
Ifso find inf A=? and supA="?
n

—1)"
(€) Theset A= {1—(—): ne N} is given. Isthe set A bounded above and below?

Ifso find inf A=? and supA="?

13. Let A be bounded below. Define B ={b € R: b isalower bound for A }.

Show that infA = supBE,



14. Leta,b €R.Then a =b ifandonly if forevery n €N Wehavea_if;b

15. Let A and B be nonemty subsets of R .
(a) Prove that : if 4 & F  then infB < infA < supA < supB.
(b) Prove that : Sup(AU B) = max{supA , supF}
16. Let A and B be nonemty bonded subsets of Kk .
(@)Is AUE bounded or not? Why? (b)Is AnE bounded or not? Why?

(c) Is A—E bounded or not? Why?

17. Showthat; if x,y e R with x =y, thenthere exist &— neighborhoods B, (x)of x
and B,(y) of y suchthat B, (x)nB,(y)=O.

18. Ifaset A< IR contains one of its upper bounds, show that this upper bound is the
supremum of A .

19. Let A beanonempty bounded setin IR.

(@) Let k>0, let kKA={ka:aeA}.
Prove that: i) inf (kA)=Kkinf A ii) sup(kA)=ksupA
(b) Let k<O, let kKA={ka:aeA}.

Prove that: i) inf (kA)=ksupA ii) sup(kA)=Kkinf A

—1)"
(e) Theset A= {1—(7): ne N} is given. Isthe set A bounded above and below?

Ifso find inf A=? and supA="?
is given. Is the set A bounded above and below?

Ifso find inf A=? and supA="?

—1)"
(e) Theset A= {1—(T): ne N} is given. Isthe set A bounded above and below?

Ifso find Inf A=? and supA="?



